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Abstract

In this study, coronavirus disease (COVID-19) outbreak in Nepal is studied by
using exponential and logistic mathematical models. The model is analysed by
deriving some important expressions such as growth rate of epidemic,
maximum possible number of infected people and corresponding time of
epidemic peak, relationship between number of cases per day and the total
Cite this article as: number of cases. The main objective of the study is to examine the
L.B. Kunwar and V.S. Verma (2021) Int. J. Grad. Res. applicability of the logistic model for the study of the COVID-19 pandemic
Rev. Vol 7(1): 17-24. and other similar communicable diseases in the future. The estimation of the
parameters of the model is based upon COVID-19 pandemic data from
January 20, 2020 to October 14, 2020. The actual time-series data of the
coronavirus disease 2019 for Nepal seem to good fit the proposed model. The
findings suggest that the quick detection of cases, sufficient implementation of
quarantine and public self-protection behaviour are the best measures to
reduce the transmission rate of the COVID-19. The detailed derivations of the
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Since December 2019, many unexplained cases of
pneumonia with cough, dyspnea, fatigue and fever as the
main symptoms have occurred in Wuhan, China in a short
period of time (Shen et al, 2020). China’s health
authorities and Centers for Disease Control and Prevention
(CDC) quickly identified the pathogen of such cases as
one of the type of coronavirus, which on January 10, 2020,
the World Health Organization (WHO) named the re-
emerged coronavirus disease as the COVID-19 (WHO,
2020). On January 22, 2020, the Information Office of the
State Council of the People’s Republic of China held a

press conference to explain the relevant situation of
pneumonia and possible way to control new coronavirus
infection to the world. On the same day, the People’s
Republic of China’s CDC released a plan for the
prevention and control of pneumonitis of new coronavirus
infection. The plan had included the COVID-19 epidemic
research, specimen collection and testing method, tracking
and management of close contacts, and propaganda,
education and communication to the public etc. (National
Health Commission of China, 2020).
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An outbreak of severe acute respiratory syndrome
coronavirus-2 (SARS-CoV-2), a zoonotic coronavirus has
seemed to Severe Acute Respiratory Syndrome
Coronavirus (SAR-CoV) and Middle East Respiratory
Syndrome Coronavirus (MERS-CoV), has rapidly spread
across China and various regions of the world. As of
October 14, 2020, the cumulative number of confirmed
cases has reached 115357 in Nepal and 37109851 globally
(World Health Organization, 2020). The scientific
community has tried to understand the nature and
behaviour of coronavirus disease 2019 (COVID-19) which
is caused by SARS-CoV-2. The scientists have established
many statistical and mathematical modelling approaches.
The value of basic reproduction number (Ro) for the virus
transmissibility has been evaluated through stochastic
Markov chain Monte Carlo (MCMC) methods (Liu, et al.,
2020), a mathematical incidence decay and exponential
growth model adopting the serial interval from severe
acute respiratory syndrome (SARS) (Zhao et al., 2020).
Researchers have also utilized several methods to generate
short-term forecasts for cumulative case counts (Roosa et
al., 2020), and have developed a ‘susceptible, un-
quarantined infected, quarantined infected, confirmed
infected” (SUQC) model to characterize the dynamics of
outbreaks (Zhao and Chen, 2020). Ivorra et al. (2020) have
developed a mathematical model for the spread of the
coronavirus disease 2019 (COVID-19) and studied a
particular case of China, country spreading the disease,
and use its reported data to identify the model parameters,
which can be of interest for estimating the spread of
COVID-19 in other countries (lvorra et al., 2020).
Recently, transmission dynamics of coronavirus in the
context of Nepal has been studied mathematically by
applying the SIR model with the determination of the
related parameters (Kunwar, 2020).

The emerging and re-emerging disease have led to a
revived interest in the mathematical modelling on the
disease. One of the primary reasons for studying infectious
disease is to improve control disease and ultimately to
eradicate the infectious from the population. Models can
be a power tool in this approach, allowing us to optimize
the use of limited resources to target control measures
more efficiently (Hethcote, 2000). A considerable number
of recent studies have contended to estimate the scale the
severity of COVID-19, and several mathematical models
and predicting approaches have attempted to explain the
transmission of COVID-19. The majority of the studies
have estimated key parameter basic reproductive number
(Ro) to evaluate the potential for COVID-19 transmission.
However, different models often vyield different
conclusions in terms of differences in model structure and
input parameters. It is imperative and crucial to improve
the early predictive and warning capabilities of potential
models for the pandemic.

The spread of COVID-19 is described using logistic
equation and the parameters of the model for Nepal are
determined. Detailed derivations are presented considering
non-mathematicians working in the field of biological
sciences and non-availability of these derivations in the
literature.

Method

Data were collected on the epidemic situation of COVID-
19 in Nepal and compared the results with those of the
logistic model with different parameter setting scenarios.
The numbers of positive novel corona virus (COVID-19)
cases in Nepal from January 20, 2020 to October 14, 2020
were recorded. The data source was based on the daily
reports of WHO situation analysis of COVID-19. The
initial 100 days were considered for the estimation of the
values of the parameters. The modelling and the
visualizations were carried out using the MATLAB
software and COVID-19.analytic version 1.1.1 package
developed in the R-program 3.6.1 version.

Mathematical Modelling

Malthusian Growth Model
Thomas R. Malthus, in 1798 proposed the mathematical

model for the population growth, called Malthusian law of
population growth which is widely regarded as the first
principle of population dynamics in the field of population
ecology (Malthus, 1798). The law is also called the
exponential population growth model.
Let N (t) is the total population of a species at time t. Then
the rate of change of the population is proportional to the
population at that time so that we have

dN

= (-d)N ()

dN

or,; =rN(t)
Here, r =b—d is called growth rate. The above ODE is
separable so for N£0, we can write

J.idN = r_[ dt
N

or,logN =rt+C
Here, C is an arbitrary constant which is determined using
initial condition, N (0) = No i.e. taking the initial
population size as No. Thus we have

logN,=0+C

or,C =logN,

.logN =rt+log N,

or,log [Nl] =rt
o

N _ n

or, =€

0
or,N = N.e"

Thus, we have  N(t) = Nge™ ..o v v v v e e (1)
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This model indicates that the population at any time
depends on two parameters; the growth rate r and the
initial population size No. The dependence on parameter of
the solution of the exponential model is shown in Fig’ 1.

Logistic Growth Model

The logistic equation in differential form was suggested by
the Belgian Mathematician Pierre Verhulst in 1845 to
model population growth (Verhulst, 1845). It can be
considered as the modification on the existing exponential
growth model. The logistic growth model for the
population N of any species is written in the ODE form as

dN N
E = rN [l—ij ...................................... (2)

Here, N (t) represents the total number of people affected
by the epidemic.

K: Maximum number of infected people during the whole
epidemic period.

r: growth rate of the epidemic.

t: time from the beginning of the epidemic.

The two particular solutions are N (t) =0 and N (t) =K for
all t corresponding to equilibrium points, and for N (¢) #0,
we have

K
j(K_—N)Nszjrdt
or,IWdN =rt+C

on f| o i gy [ - e

or,log|N|—log|K —N|=rt+C

or,

—‘ =e"e°

K—-N

Using initial condition N (0) =Ny, we get
‘ N

C

=e
K —N

N ‘ N, |
= e
K-N| |K—=N|

The orbit of any No#0 or K cannot include 0 or K. So,
neither N nor K-N can change sign on an orbit and hence

or, "

the sign of KIY—N is the same for all t. Thus, we have

N _ No ert
K-N K-=N,
K No e"
or,N = KKINO
1+ 0__g"
K-N,
rt
or,N:—KN°e
K —N, +Nge"

Thus, we have

KNo i, (3)

N(t)= (K—=Ny)e ™ +N,
The solution depends on two parameters, the initial
population No and the linear growth rate r. At the initial
stage of the epidemic, t =0, and the model also shows the
same growth as the Malthusian model and the population
of infectives is governed by following exponential
equation.

N (1) = KE™ e (4)
N
or,log =rt+C
—N
Exponential Growth for diferent values of r
20 —
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Fig. 1. The dependence on parameters of solution of the exponential model with
initial population size N, = 10 and the different growth rates (r).
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Fig. 2: (a) Growth of population in Logistic model. Population cannot grow to infinity but bounded by an upper limit (carrying
capacity). (b) Logistic curves, varying the initial population with the fixed K=2000 and constant growth rate (r=0.05).

The logistic model is characterized by an increasing
growth rate at the beginning of the epidemic, however, as
the population size increases and approaches the maximum
limit, the growth starts to decrease until reaches to zero
and the curve change from a convex to concave. The
maximum limit is called the carrying capacity (K).

For the medical point of view, the expression for the
optimal rate of the infected population has a great
importance. The equation (3) is differentiable and by
differentiating it, we get

AN _ NoK (K —Ng)re"
dt (K +N,[e"-1])

The curve has non-monotonic characteristic and it yields
the maximum rate of infected population as,

dN ) rK
MaX(EJ = T ...................................... (6)

For the corresponding epidemic peak time, substituting

dN rK . .
—= T in the equation (2), we get

dt
K =rN (1_ﬂ)
4 K

or,4N? —4KN +K? =0
or,(2N-K) =0
K

AN==
2

Now, substituting in equation (3), we obtain
K N,K
2 N0+(K—N0)e’rt

or,2N, = Ny +(K—N;)e™

1 K-N,
Or,j:
e N,
or,et = KN
’ N

0

or,Ine" =In[K_N°j

0

or,rt=1In K—N,
NO

or,t= l |n(ﬂj
r Ng

Hence, the time of the epidemic peak is given by

1._K-N
T,==In O e (7)

0
As it can be seen, these characteristics equations (6) and
(7) can be estimated when the data are no longer described
by an exponential curve and both model parameters r and
K are found or known.
The time dependences by relations (3) and (5) are smooth
functions as shown in the histogram in Fig. 3 and reported
daily active cases by days. The variation of the Fig.4
shows that dependence (5) must be non-smooth and
irregular.
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Fig. 3: Histogram of the total infected cases versus time from day zero for Nepal.
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Fig. 4: Graph showing the daily infected cases versus time from day zero.

The number of infected cases per day is required for much
further analysis in the medical statistical operation. The
expression for the rate of the infected population can be
determined by solving the difference logistic equation

R =N,,-N, = an( —N?j ................. ©)

After removing the index, we obtain a simple relationship
between the number of cases per day (R) and the total
number of cases (N)

N
R=rN (1—6 ........................................ (9)

This is an equation of a parabola in terms of the variables
R and N. In the Figure 8 the solid lines are the plotting of

R versus N, and curves are parabolic. The dots are the
actual data and they good fit the predicted path.

We can say that one active phase is over the distribution of
the data of Nepal clearly follows the equation (9). The
graph shows the Parabolic approximations (the solid line)
arising from equation (9) which represents the relationship
between the number of cases per day (R) and the total
number of cases (N) for Nepal. The observed data for the
period of April 22, 2020 to October 14, 2020 are also
presented in the same plot. Eventually, the parabolic
approximation of the available data is good enough for the
country. So the logistic model is suitable for the
population dynamics of the coronavirus disease epidemic
in Nepal.
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Fig. 5: (a) Graph of the cumulative number of novel coronavirus cases versus number of
days starting from April 22 in Nepal (Data is recorded weekly). (b) Comparative
graph showing infected cases, death cases and recovered cases of COVID-19.
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Fig. 6: Curves of the actual total infected cases with COVID-19 coronavirus and the logistic
model estimated numbers in Nepal from April 22, 2020 to October 14, 2020.
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Fig. 7: The logistic model sho wing the expected values for 175 days (from 22" April, 2020).
The expected data from the model shows that the total number of COVID-19 infected
population will be somewhat constant after next 175 days.
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COVID-19 cases per day and total number of cases in Nepal
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Fig. 8: The relationship between the number of cases per days (R) and the total number of cases (N)
in the framework of the logistic model: approximation from Equation (9) is given by lines.
The lines show the parabolic curves in the framework of the logistic model and the observed
data (represented by dots) of Nepal are closely around the curve.
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Fig. 9: Graph showing the growth rate of the infected cases with respect to previous day.

Results and Discussion

At the initial stage of the epidemic, the exponential curve
good fits the actual number of cases. Graph in the Figure 7
shows the data of first 140 days good fits the logistic
model. In the graph, x-axis is the number of days starting
from April 22 whereas y-axis is the number of cumulative
cases. The black line is the model fitted to the data. The
first 70 days follows the exponential growth model but
after 70 days the curve slightly flattened and begins to
follow the logistic growth model. The Figures (6) and (7)
illustrate the good correspondence between the logistic
model fitted and real data for Nepal.

Using the exponential growth model for initial phase (100
days) we determine the value of the growth rate for Nepal
as r = 0.0616. If the actual data would not have fit the
exponential expected values, we would reject the logistic
growth model at the same stage. At the same time, the
most important characteristic for prediction, the maximum
possible number of infected population K, is estimated
only at the stage the noticeable difference between the data

and the exponential curve, when the number of infected
people is already not small. We have used the maximum
possible number of infected population (K) as 120000
taking 100 days from 22" April 2020 period and we also
determine the value of the growth rate (r) using the logistic
growth equation (3) and its value is found to be r = 0.063,
which is approximately same as obtained from the
exponential growth model for the same period of 100 days.
On the basis of the equation (6) the maximum rate for the
Nepal is max. (%) = 1890 people per day. Nepal must
have peak of confirmed cases on October first week of
2020 (after128 days from April 22, 2020) on the basis of
the model. Nepal has its peaks of confirmed cases and
deaths on September last week 2020 on the basis of the
reported data, but the Nepal has not completed the
complete one phase of the pandemic till now. According to
the WHO database, Nepal has a total of 1, 15,357
cumulative confirmed cases due to COVID-19 with 562
deaths as of October 14, 2020. As the country had passed
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the peaked of the pandemic, the official publishing data on
the peaks was compared to the forecast obtained using the
model.

Conclusion

Mathematical modelling of the dynamics of the spread of
COVID-19 infection in Nepal is carried out. The simplest
non-linear equation describing logistic model is selected as
the model. This model contains only two parameters that
are chosen based on statistical data at the initial stage (first
100 days) of the epidemic. The logistic model captures the
observed trend that initially confirmed cases increased
slowly, and then increased rapidly before it slowed down
again. The first parameter is the rate of increase in
confirmed cases and seconds the maximum possible
population resident who can potentially be infected with K
(Normalization factor). The wvalues of the parameter
depend on a number factors, such as the population size,
crowding (population density), resistance to disease,
disciple of the population during quarantine measure etc.
The findings suggest that the quick detection of cases,
sufficient implementation of quarantine and public self-
protection behaviour are the best measures to reduce the
transmission rate of the COVID-19.

Limitations

The obtained biological parameters for COVID-19 are
based on the current reported data, but these values might
be refined as more comprehensive data become available.
Additional work is required to improve the accuracy of the
parameter values and estimation.
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